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Abstract
Within mean field Gross-Pitaevskii framework, ultra cold atomic condensates with long range
interaction is predicted to have a supersolid like ground state beyond a critical interaction strength.
Such mean field supersolid like ground state has periodically modulated superfluid density which
implies the coexistence of superfluid and crystalline order. Ultra cold atomic system in such mean
field ground state can be subjected to artificial gauge field created either through rotation or by
introducing space dependent coupling among hyperfine states of the atoms using Raman lasers.
Starting from this Gross-Pitaevskii energy functional that describes such systems at zero tempera-
ture, we construct hydrodynamic theory to describe the low energy long wavelength excitations of
such rotating supersolid of weakly interacting ultra cold atoms in two spatial dimensions for generic
type of long range interaction. We treat the supersolidity in such system within the framework of
well known two fluid approximation. Considering such system in the fast rotation limit where a
vortex lattice in superfluid coexists with the supersolid lattice, we analytically obtain the disper-
sion relations of collective excitations around this equilibrium state. The dispersion relation gives
the modes of the rotating supersolid which can be experimentally measured within the current
technology. We point out that this can clearly identify such a ultra cold atomic supersolid phase
in an unambiguous way.
PACS numbers: 03.75.-b, 67.85.-d, 67.80.bd
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I. INTRODUCTION
The issue of observing supersolidity experimentally in solid 4He [1, 2] has now settled
conclusively by showing that there is no supersolidity in such system [3]. As a result, the
counter-intuitive co-existence of superfluidity and crystalline order [4–8] still remains an
open question inspite of lots of progress in this direction [9]. In this context, an alternative
possible route to observe supersolidity in much more controllable and conspiciuous way is via
certain species of ultra cold atomic condensate with long range interaction. These ultracold
atom condensates with long range interactions can have roton-instability in their excitation
spectrum [10–12] and significant experimental [13–17] as well as theoretical [18–22] progress
took place in realizing such systems. In recent experiments such roton like mode softening
has been demonstrated through cavity mediated long-range interaction in ultra cold atomic
BEC [23] and a self organized supersolid phase has also been experimentally observed [24]
in Dicke quantum phase transition where the long-range interaction is generated by a two-
photon process in cavity.
In this work, we show that one way of clearly identifying such ultra cold supersolid phase
is to study its response to an artificial gauge field created through rotation or by other
means [25–27]. Study of the critical velocity of nucleation of vortices in a rotating dipole-
blockaded ultracold supersolid condensate [28] as well as supersolid vortex lattice phases in
a fast rotating Rydberg dressed Bose-Einstein condensate within Gross-Pitaevskii approach
[29] were carried out recently. The same work [29] particularly brought forward important
difference in the vortex lattice structure in such supersolid like ground state as compared
to similar vortex lattice structure in ultra cold atomic superfluid state. However, it is still
not clear if within the standard time of flight measurement technique, one will be able to
separately identify the vortex cores in vortex lattices from the superfluid density minimum
in the supersolid lattices. A way out from this problem is to look for the collective excitation
spectrum of such supersolid vortex lattices.
In an ultracold atomic ensemble with long range interaction, a supersolid like ground
state implies a periodic modulation of the superfluid density when the relative strength of
such interaction exceeds a critical value. This implies that the supersolid phase possess
phase coherence as well as periodic density distribution, which results in density modulated
superfluid, where the density maxima or minima forms a lattice, referred to as supersolid
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lattice in this paper. It is to note that this is completely different from the density wave
phase, which is an insulating phase with no phase coherence, but possess a periodic or
crystalline distribution of particles, with no superfluidity. Typically for weakly interacting
bosons near absolute zero temperature, such an ultra cold Bose Einstein Condensate is
theoretically described within the framework of Gross Pitaevskii equation for short range
as well as for generic long range interaction in mean field approximation. Within this
framework a periodic modulation was discussed as early as in 1957 by E. Gross [30] and
recently discussed in several contexts [9, 11, 20] that include ultra cold atomic systems.
Such a supersolid ground state is different from the Andreev-Lifshitz supersolid scenario [5]
which is based on vacancies or interstitials with repulsive interactions, more appropriate for
the solid 4He.
We study the effect of sufficiently high artificial magnetic field on such a supersolid phase
which results in formation of vortex lattice phase in such system. As shown in recent
literature [29] such vortices can arrange themselves either at the minima or maxima of the
supersolid density periodic modulation. In more specific terms, the superfluid density is
modulated in a periodic manner in the supersolid phase. When such supersolid is rotated
fast a vortex lattice is formed and there is modulation of superfluid density due to the
formation of vortices. Particularly at the core of such vortices the superfluid density goes to
zero and there will be circulation around such vortex core. This vortex core may coincide
with the minima as well as the maxima of the superfluid density in the superfluid phase ( ref.
[29]) under various conditions. For example in Fig. 1 we schematically described a situation
where the vortex lattice co-exists with supersolid lattice and the vortex core coincides with
the superfluid density minimum in the supersolid phase.
The high density (dark) areas in Fig. 1 show the supersolid crystal lattice (hexagonal),
whereas the low density (light) areas show the vortex positions superposed with arrow plots
to show the winding of single vortex. Treating the small oscillation around such equilibrium
state in the low energy long wavelength limit, we construct a hydrodynamic theory of col-
lective excitations of such a vortex lattice state in ultra cold atomic supersolid. Particularly
we calculate the dispersion of such low energy long wavelength collective excitations and
explain how they demonstrate the supersolid behavior.
In this paper, in the framework of a hydrodynamic theory, we demonstrate that the
collective excitation spectrum of vortex lattice phase in a fast rotating ultra cold atomic
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FIG. 1: Schematic figure showing the co-existing vortex lattice and supersolid lattice in a
rotating supersolid. The high density (dark) areas show the supersolid crystal which is
hexagonal in shape, and the low density (light) areas show the vortex lattice, with arrow
plots showing the winding of single vortex.
supersolid have important differences with the collective excitation of the Abrikosov vortex
lattice phase in ultra cold atomic superfluid. A lot of studies have been done for rapidly ro-
tating BEC with their vortex lattices and their collective excitations [31–39]. The collective
excitations have been studied within hydrodynamic framework [36–38] where Tkachenko
modes [31] have been studied and compared with similar theories earlier developed for su-
perfluid Helium [34, 35]. We argue that experimental detection of the same for a rotating
supersolid can provide a conclusive test of supersolidity, and hence motivates the present
work. The adaptation of hydrodynamic theory in the present case implies writing the equa-
tions of motion in terms of density and phase, and describing the long wavelength behavior
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of the fluid with these equations. To validate such hydrodynamic approximation, the vari-
ables used in these equations are averaged over scales much larger than the inter vortex
spacing and the supersolid lattice spacing.
For low q values, we show that our analytical results also qualitatively agree with the
appearance of two distinct longitudinal modes for a supersolid, in a recent work by Saccani
et.al [40] derived from a microscopic model using quantum Monte carlo method. Our results
show the appearance of longitudinal as well as transverse modes of rotating supersolid by
analytical means, and can be confirmed by numerical calculations qualitatively. A quantita-
tive comparison of the results requires much more involved analytical calculations, including
the mutual friction of the two co-existing lattices and also the different possible symmetry
considerations of the vortex and the supersolid lattice, which is out of context of the present
work.
The rest of the paper is organized in the following way. In section II we derived the
hydrodynamic Lagrangian from the Gross Pitaevskii Energy functional using homogeniza-
tion method. Section III shows the determination of hydrodynamic equations of motion,
the calculation of dispersion relations and the corresponding sound modes for the rotating
ultracold supersolid. We conclude by emphasizing the significance of the main finding of
this work, namely the dispersion modes for the rotating supersolid system, and also point
out the possibility of experimental verification. The other details of the calculations are
provided in Appendix A.
II. EFFECTIVE HYDRODYNAMIC LAGRANGIAN
We begin with a Gross-Pitaevskii mean field description of ultra cold atomic Bose Einstein
condensate at T = 0 with suitable long range interaction, rotated about the z-axis with a
frequency Ω in two dimensions. It may be pointed out here that our equilibriuim state is
the one obtained in the limit of high rotation, the trap potential is almost cancelled by
the centrifugal force [41] and the system can be very well approximated as a uniform two
dimensional system. The details of the derivation of such Gross-Pitaevskii energy functional
from the microscopic Hamiltonian of a typical ultra cold system such as Rydberg excited
BEC is given in [20]. As already mentioned, at a sufficiently large interaction strength and
fast enough rotational frequency Ω, the ground state of the system is a vortex lattice phase
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of the supersolid, as shown by a recent numerical study [29]. We are interested in low energy
excitations of such system which has wavelength much larger than the lattice parameters of
the vortex lattice or the supersolid lattice.
The mean field Lagrangian for the rotating supersolid system is given as
L =
∫
dr
[
i~
2
(
ψ∗
∂ψ
∂t
− ψ∂ψ
∗
∂t
)
− ER(ψ, ψ∗)
]
, (1)
Here ER is the Gross Pitaevskii energy functional, in the co-rotating frame [43, 44], related
with the non rotating energy functional E through the expression ER = E −Ω· < (r× p) >.
E is the usual Gross-Pitaevskii energy functional, given by
E(ψ, ψ∗) = ~
2
2m
|∇ψ|2 + 1
2
∫
dr′|ψ(r)|2U(|r− r′|)|ψ(r′)|2 (2)
In the usual zero temperature mean field description of an ultracold atomic superfluid
[43], |ψ(r)|2 is identified with superfluid density and ψ(r) as the superfluid order parameter.
However in the present case for an ultracold atomic supersolid [45–47], one can extract a
Landau two fluid description from the same Gross Pitaevskii energy functional, where the
normal component of the two fluid description corresponds to the solid part of the supersolid.
We must mention at the outset that from now onwards, the superscript ’ss’ stands for the
supersolid lattice component, which plays the role of the normal component in the two-fluid
desciption and superscript ’v’ stands for the vortex lattice component of the system, in our
subsequent calculations.
To do this we first write complex ψ(r, t) =
√
n(r, t)eiΦ(r,t) in terms of the density n and
phase Φ. Then Lagrangian L in the non-rotating case takes the form
L =
∫
dr
{
−
[
~n
∂Φ
∂t
+
~2
2m
(
n(∇Φ)2 + 1
4n
(∇n)2
)]
dr− 1
2
∫
U(|r− r′|)n(r)n(r′)dr′
}
(3)
We also introduce uss(r, t) as the displacement field of the supersolid lattice. In an
ordinary superfluid the average superfluid density ρ = 1
V
∫
V
n(r)dr is constant, where V is
the total volume of the system. On the other hand, in a given classical crystalline solid, ρ
is defined by a fixed number of atoms per unit cell for a given set of lattice vectors such
that the elastic deformation of lattice parameters obeys δρ
ρ
= −∇ · uss. In an ultra cold
atomic supersolid, quantum fluctuation leads to additional compression/dilation effects of
the lattice (uss(r, t)) which adds to the superfluid density. This is basically due to the
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change in displacement field uss(r, t) or equivalently by changing the density of superfluid
component. Hence, this fact can be expressed through the following ansatz [47]
ρ = ρ¯+ ρ¯∇ · uss + δρ (4)
The above relation takes into account the fluctuations in the density of the supersolid. It
is to note that ρ is the total density, which comprises of the superfluid density and the
crystal density due to spatial modulations in density. We describe the lattice part of the
supersolid as the normal component within the well known two fluid description. δρ are the
fluctuations around the steady state with density ρ¯. For a usual prototype superfluid, ρ is
simply the superfluid density with δρ as the fluctuations around the steady state.
In the same way as in a crystalline solid where the presence of a lattice makes the effective
mass of electron as a tensor, here also in the presence of a lattice like normal component,
the superfluid density will be tensor like quantity [48] in a supersolid. For typical lattice
structure such as hcp and fcc lattice, it has been shown [49] that the superfluid flow is
same in all directions of the crystal and hence one can write the superfluid density tensor in
an isotropic form. In the current work we also consider an isotropic supersolid so that the
structure of this tensor is purely diagonal and is given by ρssik = ρ
ss(ρ)δik with all components
having the same value.
When the system is rotated fast enough, a vortex lattice is formed that can also be
characterized as a patterned modulation in the superfluid density and phase. To denote the
fluctuations of the vortex lattice from its equilibrium position, we introduce displacement
field uv(r, t). This vortex lattice has an associated vortex crystal lattice effective mass. For
the case of rotating superfluids such an effective mass for the vortex lattice was considered in
the literature [34]. When such effective mass is taken into account, it leads to an additional
term in the kinetic energy of the system which will be proportional to the product of mass
density of vortex lattice and square of velocity difference between the superfluid and vortex
lattice velocity. Additionally in the present case, it will also produce terms due to the
relative motion between the vortex lattice and the normal component due to the supersolid
lattice. This fact can be appreciated also by inspecting the expression of the Lagrangian
(5) and Eph(φ) in the subsequent derivation. In a less technical language by introduction
of vortex lattice effective mass, the system will have mutual friction or relative motion
between the different components. To simplify further analysis, we ignore such relative
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motions that arise due to the effective mass of the vortex lattice, and take into account only
the supersolid crystal effective mass. This approximation has also been explained and shown
in detail mathematically in appendix A.
Thus the displacement field u(r, t) as well as the average density ρ can be varied indepen-
dently and hence, the complex macroscopic wavefunction ψ(r, t) is now a functional of three
field variables ρ(r, t),u(uss(r, t),uv(r, t)) and φ(r, t). To construct a long wavelength de-
scription of the system we use the homogenization technique [45–47] in which one separates
the density and phase in fast and slow varying components, and the fast varying component
is integrated out. This finally gives us the effective Lagrangian as
L =
∫
dr
[
−~ρ∂φ
∂t
− E
]
(5)
where
E = Ein(ρ) + Eph(φ) + Essel (∇uss) + Evel(∇uv) (6)
Ein(ρ) = ~
2
2m
(∇ρ)2
4ρ
+ ρ
∫
U(|r− r′|)ρ(r′)dr′ = µρ (7)
Eph(φ) = ~
2
2m
[ρ(∇φ)2 − (ρδik − ρssik)
(
∇φ− m
~
Duss
Dt
)
i(
∇φ− m
~
Duss
Dt
)
k
] +mρvs · (Ω× r) (8)
Essel (∇uss) =
1
2
λsiklm
s
ik
s
lm; Evel(∇uv) =
1
2
λviklm
v
ik
v
lm (9)
The details of the derivation [50] is given in Appendix A (section 1).
Let us briefly summarize the main approximations that we have made to arrive at the
effective energy functional. As mentioned earlier, we consider a rapidly rotating condensate
where the rotation takes place in the x−y plane about the z-axis with rotation frequency Ω
being very close to the two dimensional trapping potential ω⊥ [41]. Therefore, the effective
trapping potential in the x − y plane is given by Vext = 12m(ω2⊥ − Ω2)r2 and for such fast
rotating condensate, it is set to zero for the rest of the calculation. In this regard we may
point out that in experiments on rotating ultra cold Bose Einstein condensates the rotational
frequency frequency Ω as high as 0.99 part of the transverse trapping frequency ω⊥ was
achieved [42]. Also, the normal or crystal lattice component may have a different velocity
than the superfluid component, with the velocity difference proportional to
(∇φ− m~ DussDt )
where Du
ss
Dt
= ∂u
ss
∂t
+ ~
m
∇φ · ∇uss, giving rise to a kinetic energy term corresponding to mass
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density of supersolid lattice in Eph(φ). Within the two fluid description, ρss is the density of
the superfluid part of the supersolid and (ρδik− ρssik) is the density of the normal (remaining
lattice) part of the supersolid lattice, with ρ as the total density of the supersolid. Also
as stated earlier, we ignore the associated vortex lattice effective mass in the present set of
calculations.
To include the elastic properties of the supersolid and vortex lattice we use free energy of
the deformed crystal [51] such that the strain energy ik =
1
2
(
∂ui
∂xk
+ ∂uk
∂xi
)
. λiklm is a tensor
of rank four which relates the strains to the stresses and called as the elastic modulus tensor.
III. HYDRODYNAMIC EQUATIONS FOR ULTRACOLD ROTATING SUPER-
SOLID
Extremization of the above Lagrangian gives the hydrodynamic equations for a rotating
supersolid with an embedded vortex lattice and provides the theoretical framework of this
paper. These equations are
∂ρ
∂t
+∇ ·
(
ρ
~
m
∇φ
)
+
∂
∂xk
[
(ρ− ρss)(δik − ∂kussi )
(
u˙ssi −
~
m
∂iφ
)]
= 0 (10)
m
(
∂vs
∂t
+ ω˜ × vL
)
= −∇P
′
ρ
(11)
2Ωρ[zˆ × (vL − vs)]− (λ
v + µvs)∇(∇ · uv) + µvs∇2uv
m
= 0 (12)
m
∂
∂t
[
(ρ− ρss)
(
u˙ssi −
~
m
∂iφ
)]
+ ~
∂
∂xk
[
(ρ− ρss)
(
u˙ssi −
~
m
∂iφ
)
∂kφ
]
− [(λss + µsss )∂ikussk + µsss ∇2ussi ] = 0 (13)
Eq. (10) and Eq. (11) correspond to the equations of motion for density and phase and
implies conservation of mass and momentum respectively. In deriving them, higher order
terms containing product of derivatives of different quantities like ∂
∂ρ
(ρ−ρss) (∇φ− m~ DussDt )2,
(ρ2−1)δρ
ρ
(∇φ)2 and (∇ · uss)(m~ )2(Du
ss
Dt
)2 are neglected. We perform an averaging over vortex
lattice cell to get ω˜ = 2Ω+∇×vs as the averaged vorticity, with the time derivative u˙v giving
the velocity of the vortex lattice vL and vs as the averaged superfluid velocity (vs =
~
m
∇φ).
The pressure P ′ = ρ
(
T +
∫
U(|r− r′|)ρ(r′)dr′), with T as the quantum pressure term, given
by T = ~
2
2m
√
ρ
∇2√ρ. T shows the quantum mechanical nature as it contains ~2 explicitly,
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and hence termed as quantum pressure term. As pointed out earlier, we assume throughout
an isotropic supersolid lattice, such that the superfluid density tensor ρssik = ρ
ssδik.
Eq.(12) is obtained by putting the force f(fvel = −ρω˜× (vL−vs)) acting per unit volume
of the fluid moving with velocity vs, equal to the variation of the elastic energy due to vortex
displacements given by f vel,i = − δE
v
el
δuvi
= − ∂
∂xk
(
δEvel
δ(∂uvk/∂xi)
)
. Eq.(13) gives elastic response of
the isotropic supersolid crystal lattice. Here λss,v = Kss,v − 2
3
µss,vs are respectively second
Lame coefficient of the supersolid and vortex lattice, and Kss,v and µss,vs are the respective
compressibility and shear modulus of these lattices [51].
The non-deformed steady state of a supersolid with embedded vortex lattice is character-
ized by uss = 0,uv = 0 ( and therefore u = 0), and an average density ρ¯. Eqs.(10-13) are now
linearized around such a steady state in terms of small perturbations δρ, δφ, ∇ · uss = δJss
and uv. Here, δJss is the elastic compressibilty of the supersolid lattice, and equation (4)
shows the relation between δρ and δJss. The resulting equations describe the low energy
collective excitations of a rotating supersolid and are given by
∂δρ
∂t
+ ρss
~
m
∇2δφ+ (ρ¯− ρss) ∂
∂t
δJss = 0 (14)
ρss
(
∂vs
∂t
+ 2Ω× vL
)
= −c2sm∇δρ (15)
ρ¯2Ω[zˆ × (vL − vs)] = (λ
v + µvs)∇(∇ · uv) + µvs∇2uv
m
(16)
∂
∂t
(
∂
∂t
δJss − ~
m
∇2δφ
)
=
(λss + 2µsss )
m(ρ¯− ρss) ∇
2δJss (17)
In eq.(15), csm is the modified sound velocity, namely c
2
sm = c
2
s(ρ
ss/ρ¯), where cs is the usual
sound velocity that connects the pressure fluctuation δP ′ to density through δP ′ = mc2sδρ.
vL and vs in eqs. (15) and (16) are the vortex lattice velocity, and the averaged superfluid
velocity respectively. Eq.(17) has been obtained after taking divergence of the Eq.(13) and
then performing the linearization, with
δJss = ∇ · uss (18)
as the elastic compressibility of the supersolid lattice.
Apart from the above set of equations, there is another equation that describes the
decoupled shear waves for the rotating supersolid system. It is obtained by taking curl of
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equation (13) after expanding in terms of small fluctuations, which gives
m(ρ¯− ρss) ∂
2
∂t2
$ − µsss ∇2$ = 0 (19)
where
$ = ∇× uss (20)
This equation (19) gives the shear mode velocity which depends on the supersolid density,
namely
vssshear =
√
µsss
m(ρ¯− ρss) (21)
It is to note that the shear mode for the supersolid is obtained by taking curl of the equation
for elastic response of the supersolid lattice, and the divergence of the same equation is used
to calculate the longitudinal modes of the supersolid lattice.
A. Low energy long wavelength modes from hydrodynamic equations
In the rapid rotation limit, after setting the reduced trapping potential to zero, we expand
the small fluctuations as
δρ = δρ(q) exp(iq · r− iωt)
vs = vs(q) exp(iq · r− iωt)
δJss = δJss(q) exp(iq · r− iωt). (22)
Here, r and q are two dimensional position vector in plane normal to rotation axis and
two dimensional wave vector. We decompose superfluid velocity vs and the vortex lattice
velocity vL in longitudinal and transverse component in the q plane. Subsequent algebra in
Fourier space express the longitudinal and transverse components of the superfluid velocity
{vsq, vst} in terms of the longitudinal and transverse component of the vortex lattice velocity
{vLq, vLt}.
In terms of longitudinal and transverse components of various velocity, we get the follow-
ing equations for determining the dispersion relation :
iωvLt − vLq
(
c2vlq
2
2Ω
+ 2Ω
)
= 0 (23)
iωvLq + vLt
[
c2vsq
2
2Ω
+ 2Ω
ω2
(ω2 − c2smq2)
]
− ic
2
smqω
2(1− ρ¯/ρss)
(ω2 − c2smq2)
δJss = 0 (24)
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[
mω2(ρ¯− ρss) ω
2 − c2sq2
ω2 − c2smq2
− q2(λss + 2µsss )
]
δJss + im(ρ¯− ρss)2Ω ω
2
ω2 − c2smq2
qvLt = 0 (25)
where we have labelled the longitudinal and shear parts of vortex lattice velocities by
c2vl =
λv + 2µvs
mρ¯
; c2vs =
µvs
mρ¯
(26)
Substituting these relations in the Fourier transformed form of Eq.(16) and Eq.(17), we
can finally write the linearized equations in matrix form as

iω −
(
c2vlq
2
2Ω
+ 2Ω
)
0[
c2vsq
2
2Ω
+ 2Ω ω
2
(ω2−c2smq2)
]
iω −i (c2sm−c2s)qω2
(ω2−c2smq2)
2imΩω2(ρ¯−ρss)
ω2−c2smq2 q 0
[
mω2(ρ¯− ρss) ω2−c2sq2
ω2−c2smq2 − q
2(λss + 2µsss )
]


vLt
vLq
δJss
 = 0
(27)
It gives the following dispersion equation
ω6 − ω4
(
c2kmq
2 + c2sq
2 +
(
c2vlq
2
2Ω
+ 2Ω
)(
c2vsq
2
2Ω
+ 2Ω
))
+ ω2
[(
c2smq
2 +
(
c2vlq
2
2Ω
+ 2Ω
)(
c2vsq
2
2Ω
+ 2Ω
))
c2kmq
2 +
(
c2vlq
2
2Ω
+ 2Ω
)(
c2vsq
2
2Ω
)
(c2sq
2)
]
−
(
c2vlq
2
2Ω
q2 + 2Ω
)(
c2vsq
2
2Ω
)
(c2smq
2)(c2kmq
2) = 0
(28)
which in the long wavelength limit finally leads to the dispersion
ω6 − ω4(4Ω2 + c2kmq2 + (c2vl + c2vs)q2 + c2sq2) +
ω2
(
(4Ω2 + c2smq
2 + (c2vl + c
2
vs)q
2)c2kmq
2 + c2vsq
2c2sq
2
) − (c2vsq2)(c2smq2)(c2kmq2) = 0
(29)
where the velocities of longitudinal and shear modes are given by c2vl =
λv+2µvs
mρ¯
and c2vs =
µvs
mρ¯
,
and ckm =
√
λss+2µss
m(ρ¯−ρss) . Eq.(29) describes the dispersion of a rotating supersolid and is one
of the main results in this work.
B. Limiting behavior of the collective modes : Recovering the non rotating su-
persolid and rotating superfluid
We first show that the dispersion relation (29) reproduces correct limiting behavior.
Dispersion relation [11, 45, 46] of a non rotating supersolid can be obtained from (29) by
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setting the condition that for Ω = 0, there is no vortex lattice. This gives ω2 = 1
2
(c2km +
c2s)q
2
[
1±
√
1− 4c2smc2km
(c2km+c
2
s)
2
]
along with a decoupled shear mode through (19), reproduces the
known result for modes for a non-rotating supersolid as calculated in [11, 45, 46]. It is
to point out that for low q values, our analytical results also qualitatively agree with the
appearance of two distinct longitudinal modes for a supersolid, in a recent work by Saccani
et.al [40] derived from a microscopic model using quantum Monte carlo method. However,
the analytical approach also gives us the third mode which is absent in the quantum Monte
carlo calculations [40]. We plot these modes in Fig. 2(a).
Results for rotating superfluid with a vortex lattice can also be obtained from (29) where
ρ¯→ ρss and csm → cs in the absence of any normal component. Under these circumstances
the following things happen. Firstly, the modified elastic wave speed due to presence of
the normal component drops out of the description. Secondly the modified second sound
velocity
c2sm = c
2
s
ρss
ρ¯
(30)
becomes the second sound velocity csm = cs.
To see how this limit correctly reproduces the result for a rotating superfluid, we separate
out in the equation the terms that depend on c2km by writing it as
[ω6 − ω4(4Ω2 + (c2vl + c2vs)q2 + c2sq2) + ω2c2vsq2c2sq2]
= c2kmq
2[ω4 − ω2(4Ω2 + c2smq2 + (c2vl + c2vs)q2) + c2vsq2c2smq2] (31)
Since ckm =
√
λss+µss
m(ρ¯−ρss) , we now multiply both side of the equation by ρ¯−ρss and take the
limit ρss → ρ¯, which makes the left hand side of eq. (31) to be zero. We also set csm = cs.
This yields
ω4 − ω2(4Ω2 + c2sq2 + (c2vl + c2vs)q2) + c2vsq2c2sq2 = 0 (32)
If we take the equilibrium state as a hexagonal isotropic lattice of vortices following
standard literature [34–36, 38] and assume that the shear mode velocity is much smaller
than other mode velocities, the corresponding mode frequencies are given as (Fig. 2(b))
ω2I =
[
c2sq
2 + 4Ω2 + 4(C1+C2)
mρ¯
]
and ω2T =
2C2
mρ¯
c2sq
4[
c2sq
2+4Ω2+
4(C1+C2)
mρ¯
] . This agrees with the earlier
results [36, 38] where C1 and C2 are given as
c2vl
2Ω
= 1
2Ω
4C1+2C2
mρ¯
; c
2
vs
2Ω
= 1
2Ω
2C2
mρ¯
.
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C. Results and discussion
We shall now analytically determine and analyse the roots of the dispersion equation (29)
for a rotating supersolid. Even though the general nature of solutions of such cubic (in terms
of ω2) equations (29) are quite involved, the above dispersion relation gets simplified when
the velocity associated with the shear mode of the vortex lattice is smaller compared to
the other mode velocities. This criterion is generally met for the rotating ultra cold atomic
superfluid [36, 37] and therefore it is reasonable to assume a similar condition for the ultra
cold atomic supersolid as well.
In the current case such a condition reads as (c2vsq
2)(c2smq
2) << (4Ω2 + c2smq
2 + (c2vl +
c2vs)q
2 + c
2
s
c2km
c2vsq
2)2. This means that the last term in (29) can be neglected to get a quadratic
equation of the form x2−B′x+C ′ = 0. Here x = ω2, B′ = (4Ω2 +c2kmq2 +(c2vl+c2vs)q2 +c2sq2)
and C ′ = (4Ω2 + c2smq
2 + (c2vl + c
2
vs)q
2)c2kmq
2 + (c2vsq
2)(c2sq
2). In the limit of high rotation
frequency and low q, C ′ < B′2 and the roots can be approximated asB′ and C
′
B′ . Consequently
we get two mode frequencies, namely
ω21 ' 4Ω2 + c2kmq2 + c2sq2 + (c2vl + c2vs)q2 (33)
ω22 '
(4Ω2 + c2smq
2 + (c2vl + c
2
vs)q
2)c2kmq
2 + c2vsq
2c2sq
2
(4Ω2 + c2kmq
2 + c2sq
2 + (c2vl + c
2
vs)q
2)
(34)
There is a decoupled shear mode which also exists alongwith the above two modes, which
is given by
ω23 =
µsss
m(ρ¯− ρss)q
2 (35)
The above three modes provides us the bulk excitation spectrum of the rotating supersolid
within this hydrodynamic approximation and forms one of the main findings of the work.
The first mode (33) is the inertial mode of the rotating supersolid, which for Ω << ckmq,
behaves as a sound wave, while for Ω >> ckmq, the frequency of the mode begins essentially
at 2Ω i.e. it a gapped mode for rotating supersolid for Ω >> ckmq. Corresponding inertial
modes for rotating superfluids have been calculated and observed experimentally [31], with
cs as the sound speed. In the second mode (34), as can be seen from equation (34), all the
three velocities, the supersolid lattice velocity, the superfluid velocity and the vortex lattice
velocity gets coupled. This mode is unique for the case of rotating supersolid case, and can
be used to identify and study the co-existing properties of supersolid lattice and the vortex
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lattice. The third mode (35) is decoupled from the other two modes, and it arises due to the
existence of supersolid lattice structure, and gives a signature of supersolidity in the system.
This mode also appears for the supersolid phase without any rotation, and stays unaffected
by the vortex lattice structure co-existing with the supersolid lattice in the present case.
The existence of the decoupled shear mode in non-rotating (Fig. 2 (a)) as well as rotating
supersolid (Fig. 2 (c)) characterizes the signature of periodic crystalline order embedded
with in the superfluid in the super solid phase (be it non-rotating or rotating). However, one
can notice the change in the mode frequencies and their dispersion relations from the Fig. 2
(a) and (c). This figure shows the change in the mode frequencies between the rotating super
solid with the counterpart non-rotating super solid and rotating superfluid. The appearance
of complex modes due to the interplay of vortex lattice and super solid lattice is evident
from the equations (33), (34) and (35). All three modes have been plotted in the Fig. 2 (c).
A more detailed analysis of these modes as symmetric and anti-symmetric combinations of
individual modes of vortex lattice and supersolid lattice is given in the next section.
D. Symmetric and antisymmetric combination of modes of an rotating ultracold
supersolid:
To understand the significance of the mode frequencies, we can rewrite the first collective
mode frequency (33) ω21 = ω
2
vl +ω
2
ss with ω
2
vl = [4Ω
2 + (c2vl + c
2
vs)q
2], ω2ss = (c
2
km + c
2
s)q
2. This
is a symmetric combination of the square of modes corresponding to the vortex lattice and
the supersolid lattice. In the limit of fast rotation and small wave vector, the second mode
(34) can be written as
ω22 = c
2
kmq
2
4Ω2 + c2smq
2 + (c2vl + c
2
vs)q
2 + c2vsq
2 c
2
s
c2km
(4Ω2 + c2kmq
2 + c2sq
2 + (c2vl + c
2
vs)q
2)
≈ c
2
kmq
2
ω2vl
[
ω2vl − ω2ss +
(
c2sm +
c2s
c2km
c2vs
)
q2
]
(36)
To understand this mode, in the limit of fast rotation and small q behavior, we set the
simplifying assumption (c2sm +
c2s
c2km
c2vs)q
2  4Ω2 and hence the left hand side term can be
dropped. This sets ω22 =
c2kmq
2
ω2vl
(ω2vl − ω2ss). The same limit also ensures that the preceeding
expression is always positive and will not lead to any instability. This expression gives an
antisymmetric coupling between the square of modes of vortex and the supersolid lattice.
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FIG. 2: Dispersion roots for (a) non-rotating supersolid, (b) rotating superfluid and (c)
rotating supersolid, ω as a function of wave vector q, scaled according to the respective
cases. It is to note that the parameters for the elastic wave velocity ck, superfluid velocity
cs are taken from ref. [40] with fss = 0.3. Here, fss is the amount of superfluid fraction in
the supersolid, and the value of vortex lattice velocity cvl and cvs have been taken from [36].
For a more realistic situation one can readily calculate the modification of this expression
by including neglected terms. The square of normal modes frequencies ω21 and ω
2
2 can
therefore be interpreted as symmetric and antisymmetric combination of square of modes
corresponding to vortex lattice and supersolid lattice. Since we do not have the expression
of the corresponding eigenvectors, it is not possible to comment conclusively on the type of
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coupling between the oscillation of the vortex lattice and supersolid lattice in the real space
corresponding to such modes. Nevertheless, the occurrence of such modes indeed signifies a
coupled motion of the supersolid and vortex lattice. This coupled motion took place for the
lowest order hydrodynamic Lagrangian (5) where there is no direct coupling between two
lattice displacement fields, uss and uv.
Thus the general nature of our results within hydrodynamic approximations suggests its
applicability to minimally provide signatures for the supersolidity in cold atomic systems.
We hope this can be tested with more detailed numerical investigations with specific micro-
scopic models in future. The same experimental techniques [31, 33] used to study the col-
lective oscillation of vortex lattices in rapidly rotating superfluid may be implemented here.
Namely one need to perturb the system to induce a deformation in the co-existing supersolid
and vortex lattice for the case of rotating supersolid. The oscillations of these lattices under
these perturbations can be observed using the TOF expansion technique and the information
about the modes can be extracted and compared with the well known Tkachenko modes for
rotating superfluid. This will possibly provide a route for the confirmation of supersolidity
in such ultra cold atomic condensates.
RS gratefully acknowledges the support provided by CSIR, New Delhi, India.
Appendix A: Derivation of effective Lagrangian for rotating supersolid
1. Homogenization technique for long wave effective Lagrangian
Here we derive the coupled equations for the three fields ρ(r, t), u(r, t) which is a func-
tion of uss(r, t) and uv(r, t) and φ(r, t), following the method called Homogenization. This
technique splits the long wave behavior of various parameters and the short range periodic
dependence on the lattice parameters [45].
We use the ansatz for density and phase as
n(r, t) = ρ0(r− u(r, t)|ρ(r, t)) + ρ˜(r− u(r, t), ρ, t) + ... (A1)
Φ(r, t) = φ(r, t) + φ˜(r− u(r, t), ρ(r, t), t) + ... (A2)
Here, the displacement of the vortex lattice and the supersolid lattice enters the modulated
density as ρ0(r−u(r, t)(uss(r, t),uv(r, t))|ρ(r, t)). Also, φ, u(uss,uv) and ρ are slowly varying
fields and φ˜ and ρ˜ are small and fast varying periodic functions.
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Now we calculate the gradients and time derivatives of various expressions which will be
further used in the calculations.
(∇n)i = (δik − ∂iussk − ∂iuvk)∂kρ0 +
∂ρ0
∂ρ
∂ρ
∂xi
+ (δik − ∂iussk − ∂iuvk)∂kρ˜+
∂ρ˜
∂ρ
∂ρ
∂xi
(A3)
Next,
∂tΦ = ∂tφ− ∂tussk ∂kφ˜− ∂tuvk∂kφ˜+ ∂tφ˜+
∂φ˜
∂ρ
∂tρ (A4)
(∇Φ)i = (∇φ)i + (δik − ∂iussk − ∂iuvk)∂kφ˜+
∂φ˜
∂ρ
(∇ρ)i (A5)
Now keeping the relevant contributions for the long-wave description and calculating
n∂tΦ = (ρ0 + ρ˜)
(
∂tφ− ∂tussk ∂kφ˜− ∂tuvk∂kφ˜+ ∂tφ˜+
∂φ˜
∂ρ
∂tρ
)
= ρ0∂tφ− ρ0∂tussk ∂kφ˜− ρ0∂tuvk∂kφ˜+ ∂tφρ˜+ h.o.t, (A6)
h.o.t stands for higher order terms through out the calculations.
(∇n)2 =
(
(δik − ∂iussk − ∂iuvk)∂kρ0 +
∂ρ0
∂ρ
∂ρ
∂xi
)2
+
(
(δik − ∂iussk − ∂iuvk)∂kρ˜+
∂ρ˜
∂ρ
∂ρ
∂xi
)2
+2
(
(δik − ∂iussk − ∂iuvk)∂kρ0 +
∂ρ0
∂ρ
∂ρ
∂xi
)(
(δik − ∂iussk − ∂iuvk)∂kρ˜+
∂ρ˜
∂ρ
∂ρ
∂xi
)
(A7)
We calculate this quantity (A7) term by term as follows :
Term 1:(
(δik − ∂i(ussk + uvk))∂kρ0 +
∂ρ0
∂ρ
∂ρ
∂xi
)2
= [(δik + (∂i(u
ss
k + u
v
k))
2 − 2δik∂i(ussk + uvk)]
(
∂ρ0
∂xk
)2
= (δik − 2∂iussk − 2∂iuvk + ∂luvi ∂luvk + ∂lussi ∂lussk )
∂ρ0
∂xi
∂ρ0
∂xk
= (δik + 2
s
ik + 2
v
ik)
∂ρ0
∂xi
∂ρ0
∂xk
+ h.o.t (A8)
where
sik =
1
2
(∂iu
ss
k + ∂ku
ss
i ) +
1
2
∂lu
ss
i ∂lu
ss
k (A9)
is the strain tensor for supersolid lattice and,
vik =
1
2
(∂iu
v
k + ∂ku
v
i ) +
1
2
∂lu
v
i ∂lu
v
k (A10)
18
is the strain tensor for vortex lattice [51].
Term 2
(δik − (∂iussk + ∂iuvk))2
(
∂ρ˜
∂xk
)2
+
(
∂ρ˜
∂ρ
∂ρ
∂xi
)
+ 2(δik − (∂iussk + ∂iuvk))
∂ρ˜
∂xk
∂ρ˜
∂ρ
∂ρ
∂xi
= δik
(
∂ρ˜
∂xk
)2
+ h.o.t
= (∂iρ˜)
2 + h.o.t (A11)
As mentioned earlier, in order to keep the relevant terms for long wavelength description,
terms which are quadratic in fast varying variable ρ˜ multiplied by other derivatives are
ignored.
Term 3
2
(
(δik − ∂iussk − ∂iuvk)∂kρ0 +
∂ρ0
∂ρ
∂ρ
∂xi
)(
(δik − ∂iussk − ∂iuvk)∂kρ˜+
∂ρ˜
∂ρ
∂ρ
∂xi
)
= 2(δik − ∂iussk − ∂iuvk)2
∂ρ0
∂xk
∂ρ˜
∂xk
+ h.o.t ' 2(δik + 2sik + 2vik)∂kρ0∂kρ˜ (A12)
Substituting equations (A8),(A11),(A12) into equation (A7), we get
(∇n)2 = (δik + 2sik + 2vik)∂iρ0∂kρ0 + 2(δik + 2sik + 2vik)∂kρ0∂kρ˜+ (∂iρ˜)2 + h.o.t
(A13)
Next we calculate
(∇Φ)2 =
[
(∇φ)2 + (δik − (∂iussk + ∂iuvk))
∂φ˜
∂xk
+
∂φ˜
∂ρ
(∇ρ)
]2
= (∂iφ)
2 + (∇φ˜)2 + 2(δik − (∂iussk + ∂iuvk))∂iφ∂kφ˜+ h.o.t (A14)
The higher order terms are the terms quadratic in fast varying variable φ˜ multiplied by other
derivatives, which we again neglect in the long wavelength description. The next term is
n∇Φ = (ρ0 + ρ˜)
(
(∇φ) + (δik − ∂iussk − ∂iuvk)∂kφ˜+
∂φ˜
∂ρ
(∇ρ)
)
= ρ0∇φ+ ρ0(δik − ∂iussk − ∂iuvk)
∂φ˜
∂xk
+ ρ0
∂φ˜
∂ρ
(∇ρ) + h.o.t (A15)
Before going into the calculation for the non-local interaction term, we calculate the 1st and
2nd term of Lagrangian (3) and label their contribution to the corresponding energy part of
the Lagrangian, which is explained later.
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In the 1st term L1 we use equation (A6) and get the following expression
L1 = −
∫
~n
∂Φ
∂t
dr
= −
∫
~∂tφρ0dr︸ ︷︷ ︸
Lφ
+
∫
~ρ0∂tussk ∂kφ˜dr︸ ︷︷ ︸
Lφ˜
+
∫
~ρ0∂tuvk∂kφ˜dr︸ ︷︷ ︸
Lφ˜
−
∫
~∂tΦρ˜dr︸ ︷︷ ︸
neglected
(A16)
2nd term of Lagrangian (3) is calculated using (A14) as
L2 = −
∫
~2
2m
n(∇Φ)2dr
+ρ˜(∂iφ)
2 + ρ˜(∇φ˜)2 + 2ρ˜(δik − ∂iussk − ∂iuvk)∂iφ∂kφ˜]dr
= − ~
2
2m
∫
(∇φ)2ρ0(r)dr︸ ︷︷ ︸
Lφ
+
~2
m
∫
(∂iu
ss
k + ∂iu
v
k)∂iφ∂kφ˜ρ0(r)dr︸ ︷︷ ︸
Lφ˜
− ~
2
m
∫
∇φ · ∇φ˜ρ0(r)dr︸ ︷︷ ︸
Lφ˜
− ~
2
2m
∫
(∇φ˜)2ρ0(r)dr︸ ︷︷ ︸
Lφ˜
(A17)
Considering the non-local term now, given by
N(ρ(r), ρ(r′)) =
1
2
∫
U(|r− r′|)ρ(r− uss(r)− uv(r))ρ(r′ − uss(r′)− uv(r′))drdr′ (A18)
STEPS
1) Using the change of variables, R = r− u(r) and, R′ = r′ − u(r′), we can determine
dR = d(r− (uss(r) + uv(r)))
with
(dR)i = d(r− (uss(r) + uv(r)))i =
(
dxi − ∂(u
ss
i + u
v
i )
∂xk
dxk
)
which implies
|dR|2 = (dR)i · (dR)i
= (δik − 2(∂kussi + ∂kuvi ) + (∂kussi + ∂kuvi )(∂kussi + ∂kuvi ))dxidxk
= (δik + 2
s
ik + 2
v
ik)dxidxk (A19)
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with strain tensors sik and 
v
ik defined in equations (A9) and (A10). Similarly,
|dR′|2 = (δik + 2sik′ + 2vik′)dx′idx′k (A20)
2) Any integral with argument r− u(r) may be transformed to∫
Q(r− u(r))dr =
∫
Q(R)dr
=
∫
Q(R)
dR√
det(δik + 2sik + 2
v
ik)
(A21)
'
∫
Q(r)(1− skk − vkk)dr (A22)
The step (A21) in equation (A22) is obtained by using equation (A19).
3) Relative distance
∆R = R−R′
= ∆r−∆(uv(r) + uss(r)) (A23)
where ∆r = r− r′. Above equation (A23) implies
|∆R|2 ' |∆r|2 + |∆u(r)|2 − 2∆r ·∆u(r)
= |∆r|2 + 2sik∆xi∆xk + 2vik∆xi∆xk
Thus,
|∆r| ' ∆R− (
s
ik + 
v
ik)∆xi∆xk
∆R
(A24)
The final result of non-local term given by (A18) thus can be calculated as
N(ρ(r), ρ(r′)) =
1
2
∫
U
(
|∆R| − (sik + vik)
∆xi∆xk
|∆R| + ...
)
ρ(R)dR√
det(δik + 2sik + 2
v
ik)
× ρ(R
′)dR′√
det(δik + 2sik′ + 2
v
ik′)
=
1
2
∫
(1− (sll + s
′
ll )− (vll + v
′
ll ))(U(|r− r′|)− (sik + vik)fik(r− r′) + ...)
ρ(r)ρ(r′)drdr′ (A25)
Here, fik(r− r′) = (xi − xi′)(xk − xk′)U(r−r′)|r−r′| .
The 1st and 2nd term of the Lagrangian are already calculated. Here we determine the
3rd and 4th terms by substituting the ansatz in equations (A1) and (A2) in the Lagrangian
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(3). 3rd term of the Lagrangian (3) is calculated using (A13) and (A22) as
L3 = − ~
2
2m
∫
1
4n
(∇n)2dr
= − ~
2
2m
∫
[(δik + 2
s
ik + 2
v
ik)∂iρ0∂kρ0 + 2(δik + 2
s
ik + 2
v
ik)∂iρ0∂kρ˜+ (∂iρ˜)
2 + h.o.t]
·
(
1
4ρ0(r)
+
ρ˜(r)
4ρ20(r)
)
(1− skk − vkk)dr
= − ~
2
8m
∫
(∇ρ0)2
ρ0
dr︸ ︷︷ ︸
Lρ
+
~2
8m
∫
(∇ρ0)2
ρ0
(skk + 
v
kk)dr︸ ︷︷ ︸
Lu
− ~
2
4m
∫
(sik + 
v
ik)
∂iρ0∂kρ0
ρ0
(1− sll − vll)dr︸ ︷︷ ︸
Lu
− ~
2
4m
∫
∂iρ0∂iρ˜
ρ0
dr︸ ︷︷ ︸
Lρ˜
− ~
2
2m
∫
(sik + 
v
ik)
∂iρ0∂iρ˜
ρ0
dr︸ ︷︷ ︸
Lρ˜
− ~
2
8m
∫
(∇ρ˜)2
ρ0
dr +
~2
8m
∫
(∇ρ0)2
ρ20
ρ˜dr︸ ︷︷ ︸
Lρ˜
+...
(A26)
Now, the 4th term of the Lagrangian (3) is calculated using (A25) as
L4 = −1
2
∫
U(|r− r′|)n(r)n(r′)drdr′
= −1
2
∫
(1− (sll + s
′
ll )− (vll + v
′
ll ))(U(|r− r′|)− (sik + vik)fik(r− r′) + ...)
·(ρ0(r)ρ0(r′) + ρ0(r)ρ˜(r′) + ρ˜(r)ρ0(r′) + ρ˜(r)ρ˜(r′))drdr′
= − 1
2
∫
U(|r− r′|)ρ0(r)ρ0(r′)drdr′︸ ︷︷ ︸
Lρ
− 1
2
∫
U(|r− r′|)(ρ0(r)ρ˜(r′) + ρ˜(r)ρ0(r′))drdr′︸ ︷︷ ︸
Lρ˜
− 1
2
∫
U(|r− r′|)ρ˜(r)ρ˜(r′)drdr′︸ ︷︷ ︸
Lρ˜
− 1
2
∫
[(sik + 
v
ik)fik(r− r′)](ρ0(r)ρ˜(r′) + ρ˜(r)ρ0(r′))drdr′︸ ︷︷ ︸
Lρ˜
− 1
2
∫
[((sll + 
s′
ll ) + (
v
ll + 
v′
ll ))fik(r− r′)](ρ0(r)ρ˜(r′) + ρ˜(r)ρ0(r′))drdr′︸ ︷︷ ︸
Lρ˜
(A27)
So, adding and collecting all the terms, we get following five kind of terms
L = Lρ + Lφ + Lu + Lφ˜ + Lρ˜ (A28)
22
(1) Lρ is the internal energy part, which only depends on ρ0(r) which is slowly varying,
and is given by
Lρ = − ~
2
8m
∫
(∇ρ0)2
ρ0
dr− 1
2
∫
U(|r− r′|)ρ0(r)ρ0(r′)drdr′ (A29)
(2) Lφ is the hydrodynamical part I, which mixes the slowly varying phase φ(r, t) and
slowly varying density ρ0(r), and is given below
Lφ = −
∫ (
~∂tφ+
~2
2m
(∇φ)2
)
ρ0(r)dr (A30)
The term in the integral is the Lagrangian density and we obtain an average energy
density that depends on parameter φ only, shown below as
E(φ) =
1
V
∫
V
(
~∂tφ+
~2
2m
(∇φ)2
)
ρ0(r)dr
'
(
~∂tφ+
~2
2m
(∇φ)2
)
ρ (A31)
Thus, the equation (A30) when averaged directly looks like
Lφ = −
∫ (
~∂tφ+
~2
2m
(∇φ)2
)
ρdr (A32)
(3) Lu is the elastic part I, given by
Lu = − ~
2
4m
∫
(sik + 
v
ik)
∂iρ0∂kρ0
ρ0
(1− sll − vll)dr +
~2
8m
∫
(∇ρ0)2
ρ0
(skk + 
v
kk)dr
+
1
2
∫
((sik + 
v
ik)fik(r
′ − r) + (sll + s
′
ll + 
v
ll + 
v′
ll )U(|r− r′|)ρ0(r)ρ0(r′)drdr′
(A33)
It can be averaged directly. However it involves both quadratic and linear terms, they can
be grouped and simplified and hence, the elastic part I of the Lagrangian reduces to,
Lu =
∫ (
1
2
c
(2)
ik 
s
ik
s
ll − µρsll
)
dr +
∫ (
1
2
c
(2)
ik 
v
ik
v
ll − µρvll
)
dr (A34)
where c
(2)
ik is the elastic constant entering through the quadratic term, and is given by
c
(2)
ik =
1
V
∫
V
~2
2m
∂iρ0∂kρ0
ρ0
dr
and
µ =
~2
4m
(
(∇ρ0)2
2ρ20
− ∇
2ρ0
ρ0
)
+
∫
U(|r− r′|)ρ0(r′)dr′ (A35)
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The chemical potential defined in equation (A35) is for the usual Gross Pitaevskii equation
with long range interaction. ρ0 is the ground state density in terms of which the chemical
potential is defined.
(4) Lφ˜ is the hydrodynamical part II, given as
Lφ˜ = ~
∫
ρ0(r)(∂tu
ss
k ∂kφ˜+ ∂tu
v
k∂kφ˜+
~
m
∂iu
ss
k ∂iΦ∂kφ˜+
~
m
∂iu
v
k∂iΦ∂kφ˜
− ~
m
∇φ · ∇φ˜− ~
2m
(∇φ˜)2)dr (A36)
Now, above equation (A36) can be re-written as
Lφ˜ = = −
~2
2m
∫
(2ρ0A
s · ∇φ˜+ 2ρ0Av · ∇φ˜+ ρ0(∇φ˜)2)dr
with
As =
(
∇φ− (∇φ · ∇)uss − m
~
∂tu
ss
)
(A37)
and,
Av =
(
−(∇φ · ∇)uv − m
~
∂tu
v
)
(A38)
The Euler-Lagrange condition for this part of Lagrangian Lφ˜ is
As · ∇ρ0 + Av · ∇ρ0 +∇ · (ρ0∇φ˜) = 0
Solving this equation for φ˜ we get φ˜ = Ki(A
s
i + A
v
i ) with K(r) is a periodic function [45]
which satisfies ∇iρ0 +∇·(ρ0∇Ki) = 0. Above contribution to the Lagrangian can be written
in simplified form as [45]
Lφ˜ =
~2
2m
∫
ρcijA
s
iA
s
j + ρ
v
ijA
v
iA
v
jdr (A39)
with ρcij is the tensor which for symmetric crystal structures is ρ
c
ij = ρδij − ρssij , defined as
ρcij =
1
V
∫
V
ρ0(r)(∇Ki · ∇Kj)dr
The quantity ρss = ρ if the crystal modulation is absent. It is to note that we neglected
the last term in equation (A39) (proportional to AsiA
v
i ). because we donot want to take
into account the vortex crystal effective mass. We only consider the mass density of the
supersolid lattice and the superfluid component in the system. However when this term is
included it will probably give rise to terms with interaction between the two lattices. In
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present set of calculations, we assume both the lattices to be independent of each other and
hence, amounts to ignoring a direct coupling between the supersolid lattice and the vortex
lattice.
(5) Lρ˜ is the elastic part II, given by
Lρ˜ =
~2
4m
∫ (
(∇ρ0)2
2ρ20
ρ˜− ∂iρ0
ρ0
∂iρ˜
)
dr− 1
2
∫
U(|r− r′|)(ρ0(r)ρ˜(r′)
+ρ˜(r)ρ0(r
′)drdr′ (A40)
− ~
2
8m
∫ (
−2(sik + vik)
∂iρ0∂kρ0
ρ20
ρ˜+ 4(sik + 
v
ik)
∂iρ0
ρ0
∂kρ˜+
1
ρ0
(∇ρ˜)2
)
dr
−1
2
∫
U(|r− r′|)ρ˜(r)ρ˜(r′)drdr′
−1
2
∫
((sik + 
v
ik)fik(r− r′)) + ((sll + sll′) + (vll + vll′))U(|r− r′|)
(ρ0(r)ρ˜(r
′) + ρ˜(r)ρ0(r′)drdr′ (A41)
The terms which are quadratic in the gradients of ρ˜ are the relevant terms because the terms
linear in ρ˜ disappears and the action is at minimum when n = ρ0(r) (see equation (A1).
Also, the line (A40) in above equation is equal to −µ ∫ ρ˜(r)dr. Thus, keeping only relevant
terms as below:
~2
4m
∇ ·
(∇ρ˜
ρ0
)
−
∫
U(|r− r′|)ρ˜(r′)dr′ = µ(skk + vkk)
+
~2
4m
(sik + 
v
ik)
(
∂iρ0∂kρ0
ρ20
− 2∂ikρ0
ρ0
)
+ik
∫
(fik(r− r′) + 2δikU(|r− r′|))ρ0(r′)dr′
(A42)
The solution of above equation is periodic function Eik(r) [45, 52] and of the form ρ˜ =
ikEik(r) [47]. Putting in expression (A42) and adding the expression (A34) we get
Lu + Lρ˜ = −1
2
∫
(λsiklm
s
ik
s
lm + λ
v
iklm
v
ik
v
lm)dr (A43)
where λiklm is given by
λsiklm = −
1
V
∫
V
~2
2m
∂iρ0∂kρ0
ρ0
δlmdr− 1
V
∫
V
µ(δikE
s
lm(r) + δlmE
s
ik(r))dr
− 1
V
∫
V
dr
(
~2
4m
1
ρ0
(∇Esik) · (∇Eslm) +
∫
U(|r− r′|)Esik(r)Eslm(r′)dr′
)
(A44)
25
and,
λviklm = −
1
V
∫
V
~2
2m
∂iρ0∂kρ0
ρ0
δlmdr− 1
V
∫
V
µ(δikE
v
lm(r) + δlmE
v
ik(r))dr
− 1
V
∫
V
dr
(
~2
4m
1
ρ0
(∇Evik) · (∇Evlm) +
∫
U(|r− r′|)Evik(r)Evlm(r′)dr′
)
(A45)
The expression 1
2
λiklmiklm is the expression for the elastic energy density of a solid, and
λiklm is the elastic modulus tensor [51].
Hence, we can write the effective Lagrangian for the long wave perturbations of displace-
ment of both lattices, of average density and of the phase as the sum of various contribution
mentioned above.
Leff =
∫
dr[−~ρ∂φ
∂t
− ~
2
2m
[
ρ(∇φ)2 − (ρδik − ρssik)
(
∇φ− m
~
Duss
Dt
)
i
(
∇φ− m
~
Duss
Dt
)
k
]
− E(ρ)− 1
2
λsiklm
s
ik
s
lm −
1
2
λviklm
v
ik
v
lm −mρvs · (Ω× r)] (A46)
where
Duss
Dt
=
∂uss
∂t
+
~
m
∇φ · ∇uss (A47)
The above Lagrangian can also be written as
Leff =
∫
dr
[
−~ρ∂φ
∂t
− E
]
where
E = Ein(ρ) + Eph(φ) + Essel (∇uss) + Evel(∇uv) (A48)
with
Ein(ρ) = ~
2
2m
(∇ρ)2
4ρ
+ ρ
∫
U(|r− r′|)ρ(r′)dr′ = µρ (A49)
Eph(φ) = ~
2
2m
[
ρ(∇φ)2 − (ρδik − ρssik)
(
∇φ− m
~
Duss
Dt
)
i
(
∇φ− m
~
Duss
Dt
)
k
]
(A50)
+mρvs · (Ω× r)
Essel (∇uss) =
1
2
λsiklm
s
ik
s
lm (A51)
Evel(∇uv) =
1
2
λviklm
v
ik
v
lm (A52)
For the usual superfluid, the Gross-Pitaevskii equation is recovered by above Lagrangian.
When there is no crystal lattice (either vortex lattice or supersolid crystal lattice), the
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equations (A51) and (A52) have no contribution and similarly, the second and third terms
in equation (A50) vanishes alongwith the long range interaction term in equation (A49),
hence recovering the Lagrangian for cold atomic superfluids.
It can be clearly seen from the above equation (A46) that the crystal lattice may have a
different velocity than the superfluid component, with the velocity difference proportional
to
(∇φ− ~
m
Duss
Dt
)
, with uss as the displacement field of crystal lattice due to density modu-
lations in superfluid. Hence the third term in equation (A46) gives the product of the mass
density of the supersolid lattice and the square of the supersolid lattice velocity.
Here ρssik is the superfluid density tensor [48], which is in general a symmetric matrix. In
our further calculations, we express that the superfluid density is a function of local number
density ρ and for isotropic symmetry of lattice, it is given by ρssik = ρ
ss(ρ)δik.
It may be noted from the structure of the proposed Lagrangian that we donot take into
account coupling of the two lattices with displacement fields uss,uv in the lowest order
expansion and thus the elastic deformations of the two lattices do not interact with each
other directly.
2. Hydrodynamic equations of motion for rotating supersolid
Here we provide the detailed derivations of the hydrodynamic equation of a rotating
supersolid that appears in the main paper through the extremization of the hydrodynamic
Lagrangian. The dynamical equations are derived by variation of action S =
∫ Ldt taken as
a functional of ρ, φ, uss and uv. This yields a set of coupled of partial differential equations
for those fields. The action to be extremised is S =
∫
Ldt, gives the condition
δ
∫
Ldt = 0
where, L = L(ρ, φ,∇uss,∇uv), which implies
∂L
∂ρ
dρ+
∂L
∂φ
dφ+
∂L
∂(∇uss)d(∇u
ss) +
∂L
∂(∇uv)d(∇u
v) = 0 (A53)
We calculate,
∂L
∂ρ
= −~∂φ
∂t
−
[∇2ρ
2ρ
− (∇ρ)
2
4ρ2
]
~2
2m
−
∫
U(|r− r′|)ρ(r′)dr′ − ~
2
2m
(∇φ)2
+mvs · (Ω× r) = 0
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Taking gradient on both sides,
∂vs
∂t
+∇
(
1
2
vs
2
)
= −∇
[
T + V + gρ+
∫
U(|r− r′|)ρ(r′)dr′
m
− vs · (Ω× r)
]
(A54)
where vs is the superfluid velocity defined as vs =
~
m
∇φ.
Next,
∂L
∂φ
= −~∂ρ
∂t
− ∂
∂φ
[Eph(φ)] = 0 (A55)
We determine the second term in above equation separately,
∂
∂φ
[Eph(φ)] = ∂
∂xi
[
ρ
~2
m
∇φ
]
− ∂
∂φ
[
(ρδik − ρssik)
(
∇φ− m
~
u˙s
)
i
(
∇φ− ~m
~
u˙s
)
k
]
− ∂
∂xi
[ρ · (Ω× r)]
=
∂
∂xi
[
ρ
~2
m
∇φ
]
− ~ ∂
∂xi
[
(ρδik − ρssik)
(
~
m
∂iφ− u˙s
)
i
]
− ~ ∂
∂xi
[ρ · (Ω× r)] (A56)
Putting the above expression for ∂
∂φ
[Eph(φ)] in equation (A55), we get
∂ρ
∂t
+
∂
∂xi
[
ρ
~
m
∇φ
]
+
∂
∂xk
[
(ρ− ρss)(δik − ∂kussi )
(
u˙ssi −
~
m
∂iφ
)]
− ∂
∂xi
[ρ · (Ω× r)] = 0
(A57)
Equations (A54) and (A57) are the modified Euler and Continuity equation for a con-
densate rotating at an angular frequency Ω. The energies in the laboratory and rotating
frame are related by ER = E − Ω · r× p. The transformation to rotating frame of reference
introduces the vs ·Ω×r term and ρ·Ω×r term in equation (A54) and (A57) respectively [53].
Here, vs is the superfluid velocity in the lab (inertial) frame of reference. In the rotating
frame of reference, these equations along with the equations of elastic response of the system
due to the supersolid lattice and the vortex lattice are given as
∂ρ
∂t
+∇ ·
(
ρ
~
m
∇φ
)
+
∂
∂xk
[
(ρ− ρss)(δik − ∂kussi )
(
u˙ssi −
~
m
∂iφ
)]
= 0 (A58)
and,
m
(
∂vs
∂t
+ 2Ω× vs
)
= −∇P
′
ρ
(A59)
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Here, ρssik is the superfluid density tensor [48] which assumes the form ρ
ss
ik = ρ
ssδik for isotropic
symmetry of the system and,
P ′ = ρ
(
T +
∫
U(|r− r′|)ρ(r′)dr′
)
(A60)
In the equation (A59), we have kept only the linearized terms and the nonlinear terms with
higher orders of derivatives have been dropped. The neglected terms in equation (A59) are
given below.
∂
∂ρ
(ρ− ρss)
(
∇φ− m
~
Duss
Dt
)2
=
(
(ρ2 − 1)δρ
ρ
−∇ · uss
)(
∇φ− m
~
Duss
Dt
)2
=
(
(ρ2 − 1)δρ
ρ
−∇ · uss
)
((∇φ)2 +
(m
~
)2(Duss
Dt
)2
−2m
~
∇φ · Du
ss
Dt
)
When averaged over a vortex lattice cell, equation (A59) can be written as
m
(
∂vs
∂t
+ ω˜ × vL
)
= −∇P
′
ρ
(A61)
with vs as the averaged velocity and ω˜ = 2Ω +∇× vs as the averaged vorticity [38]. The
velocity of the vortex is given by vL and it is equal to time derivative of the displacement
vector of the vortex lattice u˙v.
The force f acting per unit volume of the fluid moving with velocity vs is
fvel = −ρω˜ × (vL − vs) (A62)
and it should be connected with a variation of energy due to vortex displacements. Thus,
f vel,i = −
δEvel
δuvi
= − ∂
∂xk
(
δEvel
δ(∂uvk/∂xi)
)
= −[(λv + µvs)∇(∇ · uv) + µvs∇2uv] (A63)
Hence using equations (A62) and (A63) we get
ρ2Ω[zˆ × (vL − vs)] = (λ
v + µvs)∇(∇ · uv) + µvs∇2uv
m
(A64)
where λv = Kv − 2
3
µvs is the Lame´ coefficient, and K
v and µvs are the compressibility and
shear modulus of the vortex lattice. Equation (12) is the equation of motion of the system
due to the elastic response of the vortex lattice.
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Next we determine the equation of motion due to the elastic response of the supersolid
crystal lattice by considering the 4th term in equation (A53). Finally,
∂L
∂us
= m
∂
∂t
[
(ρδik − ρssik)
(
˙ussi −
~
m
∂kφ
)]
+ ~
∂
∂xk
[
(ρδik − ρssik)
(
˙ussi −
~
m
∂iφ
)
∂kφ
]
+
∂
∂xk
(λssiklm
ss
lm) = 0 (A65)
Thus,
m
∂
∂t
[
(ρ− ρss)
(
u˙ssi −
~
m
∂iφ
)]
+ ~
∂
∂xk
[
(ρ− ρss)
(
u˙ssi −
~
m
∂iφ
)
∂kφ
]
+
∂
∂xk
(λssiklm
ss
lm) = 0 (A66)
Here too, when the lattice is assumed to be isotropic then above equation (A66) can be
written as
m
∂
∂t
[
(ρ− ρss)
(
u˙ssi −
~
m
∂iφ
)]
+ ~
∂
∂xk
[
(ρ− ρss)
(
u˙ssi −
~
m
∂iφ
)
∂kφ
]
+ (λss + µsss )∂iku
ss
k + µ
ss
s ∇2ussi = 0
(A67)
where λss = Kss−2
3
µsss is the second Lame coefficient, andK
ss and µsss are the compressibility
and shear modulus of the solid [51].
Thus, equations (A58), (A61), (A64) and (A67) are the equations of motion for a rotating
supersolid with elastic properties of both vortex lattice and supersolid crystal lattice taken
into account.
∂ρ
∂t
+∇ ·
(
ρ
~
m
∇φ
)
+
∂
∂xk
[
(ρ− ρss)(δik − ∂kussi )
(
u˙ssi −
~
m
∂iφ
)]
= 0 (A68)
m
(
∂vs
∂t
+ 2Ω× vL
)
= −∇P
′
ρ
(A69)
ρ2Ω[zˆ × (vL − vs)] = (λ
v + µvs)∇(∇ · uv) + µvs∇2uv
m
(A70)
m
∂
∂t
[
(ρ− ρss)
(
u˙ssi −
~
m
∂iφ
)]
+ ~
∂
∂xk
[
(ρ− ρss)
(
u˙ssi −
~
m
∂iφ
)
∂kφ
]
− (λss + µsss )∂ikussk + µsss ∇2ussi = 0
(A71)
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These set of four equations form the hydrodynamic equations of motion for a rotating
supersolid system.
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